Abstract. Quantitative phase imaging needs of a holographic setup in order to retrieve the sample phase distribution. Often this new phase information is obtained at the cost of reducing the useful range in other parameters of the imaging system such as field of view or resolution. We devised an experimental setup that allows complex amplitude evaluation and phase image quantification of three-dimensional (3-D) samples in widefield digital holographic microscopy. The basis is a common-path interferometric configuration that can be implemented in two configurations depending on the position and the basic period of the grating: static grating and windowed Fourier filtering method or with phase-shifting moving grating. Both configurations allow complex amplitude recovery and, thus, quantitative phase imaging of the sample under test. Moreover, by combining the basic setup with tilted illumination and time multiplexing, it is possible to generate a synthetic aperture enlargement that improves the final image resolution. Experimental results validated our concepts.
INTRODUCTION
Digital holography is a powerful tool that allows fast, non-contact, full-field, highresolution quantitative complex amplitude measurements of objects [1, 2] . The amplitude distribution of the imaging beam is added in the hologram plane with a reference wave and the hologram is recorded by using a CCD camera. Then, the object wavefront is reconstructed numerically [3] [4] [5] [6] by simulating the back propagation of the complex amplitude using the Kirchhoff-Fresnel propagation equations.
During the recent past, digital holography has been combined with microscopy to avoid the limited depth of focus in high numerical aperture (NA) lenses and the high magnification ratios needed in conventional optical microscope imaging. The basic architecture is defined by a interferometric configuration where the imaging system is placed on one branch (imaging arm) and a reference beam is reinserted at the CCD plane incoming from the second branch (reference arm). Due to its interferometric underlying principle, different classical interferometric configurations can be employed. Thus, we find Mach-Zehnder [7] , Michelson [8] , Twyman-Green [9] , and common-path [10] interferometers as basis architectures in digital holographic microscopy.
In particular, common-path interferometers are especially interesting because of the robustness and simplicity of the system, which is more stable, relatively insensitive to vibrations and require fewer optical elements than other interferometric configurations previously presented in the literature. In a common-path interferometric setup, both the imaging and the reference for the interferometric recording follow nearly the same optical path. Thus the instabilities of the system (mechanical or due to thermal changes on both optical paths) do not affect the obtained results. Common-path interferometers had been proposed in many different forms such as the point-diffraction [11] , dark-ground filtering [12] , phase-contrast [13, 14] and luminance contrast method [15] , and are applied to visualization of phase disturbances [16] [17] [18] [19] , quantitative phase imaging [20] [21] [22] , wavefront and phase aberration sensing [23, 24] , and superresolution imaging [25] [26] [27] .
In this paper, we report on a common-path interferometric architecture that is applied to microscopy. It is based on the input plane spatial multiplexing and the addition of a diffraction grating at the image space. Firstly, the spatial multiplexing means that the input plane is composed from the sample under test in side-by-side configuration with a blank region. In this configuration, part of the illumination beam passes the input plane without being distorted by the input sample and can be used as reference beam in the interferometric recording process. Secondly, the addition of a diffraction grating at the image space allows the mixing of both beams and hence the interference. But such grating can be placed in two different configurations (see Fig. 1 ): just at the Fourier plane of the imaging lens or moved away from this plane. Thus, we have distinguished two different cases that are related with the position of the grating. Notice that, in both cases, the digital recording device (a CCD camera) is placed at the position of the output plane where the input sample is directly imaged (zero order of the grating) by the imaging system (see Fig. 1 ).
On one hand and when the grating is placed just at the Fourier plane of the objective lens, an on-axis image plane hologram is recorded by the CCD. This former case is characterized by the absence of a bias carrier frequency between both interferometric beams and the grating must be phase-shifted in order to recover the complex amplitude field of the imaged sample. On the other hand, when the grating is placed far enough from the Fourier plane and assuming that the basic period of the grating and its position are well matched, an off-axis image plane hologram is recorded. This fact is due to the reference beam reaches the CCD forming an angle with the propagation direction of the imaging beam. In this latter case, as well as by applying phase-shifting method, it is possible to recover the complex transmitted field by considering the following process: Fourier transforming the recorded hologram, filtering and centering the spectral distribution located at one of the hologram diffraction orders, and coming back to the spatial domain by another Fourier transformation operation.
Obviously, there are a lot of situations where the grating can be placed between the two previously commented cases. In those cases, the diffraction orders of the recorded hologram will overlap with the zero order term because the bias carrier frequency is not high enough to avoid the overlapping. For those situations, the only way to retrieve the complex amplitude distribution is by using phase-shifting procedure. Fig. 1 . Conceptual difference between on-axis (up) and off-axis (down) holographic recording cases. We can see the graphical definition of the bias carrier frequency for the off-axis case.
In addition, by placing another diffraction grating in the blank region and by using tilted illumination onto the input plane, it is possible to assure the transmission of a reference beam through the imaging lens. That reference beam is originated in one of the diffraction orders of such grating: in that one that diffract on-axis of the impinging tiled beam according with the illumination angle, the illumination wavelength and the basic grating period. But tilted illumination is also responsible for the on-axis diffraction of additional spatial-frequency content of the input sample that is not accessible under conventional on-axis illumination. In this case, different spatial-frequency bands of the sample spectrum can be recovered in time sequence and can be properly managed to generate a synthetic aperture that expands up the frequency space coverage of the microscope objective, or in other words, it allows superresolved imaging of the sample.
An important last note is related to the connection of the proposed techniques to nano photonics. The relation to nano photonics is made in two senses. First, the components added to the proposed configurations include gratings which may contain spatial features below 400 nm (e.g. multi level diffraction grating). Second, the proposed approaches allow obtaining 3-D profile and phase distribution at nano metric resolution and steps. Furthermore, the proposed methods allow generation of lateral two-dimensional (2-D) super resolved imaging which once again can approach resolution limits allowing separation spatial of features below 400 nm when dealing with the visible light spectrum.
Along this paper, we will review in Sec. 2 the mathematic theory of the two proposed common-path interferometric setups while Sec. 3 will present experimental results where quantitative phase and superresolved imaging is achieved in both proposed configurations. Finally, Sec. 4 will conclude the paper.
THEORETICAL ANALYSIS
In this section we review the mathematical foundations of the basic setup corresponding with a common-path interferometric imaging approach. Although the theoretically analyzed setup is composed from a 4F optical processor in order to gain in simplicity, the proposed analysis is completely useful for the case when using a microscope objective by taking into account its magnification. The following scheme is proposed: we first derive the equation describing the input plane amplitude distribution and later we separately analyze the two proposed cases: on-axis recording with phaseshifting technique and off-axis recording with windowed Fourier filtering method.
The basic optical setup is depicted in Fig. 2 . A collimated on-axis beam illuminates the input plane incoming from a point source placed at the axial point of the focal plane of a collimation lens. Although at this moment we are only interested in on-axis illumination, we will derive the formalism considering the possibility of a tilted beam represented by a carrier frequency of (ν n , ν m ) = (sinθ n /λ, sinθ m /λ) incoming from a generic off-axis source originated at a point of coordinates (x n , y m ) of the source plane and a 2-D reference grating in side-by-side configuration with the input sample. This procedure will make easier the mathematical analysis of the superresolution section. Thus, Eq. (1) provides the amplitude distribution at the input plane after being illuminated with a monochromatic plane-wave having a generic bias carrier frequency of
where 
On-axis recording case.
Now, we focus on the case when the imaging grating is placed just at the Fourier plane of the imaging system. In this configuration, the first lens in Figure 2 performs Fourier transformation of the input plane amplitude distribution onto its focal image plane, where a one-dimensional (1-D) imaging grating is placed. Then, the amplitude distribution at the system Fourier plane equals
with (u,v) the spatial-frequency coordinates, ρ the polar coordinate in the frequency domain that is defined as 2 2 u v ρ = + , circ the function that represents the limited system aperture with a width of ∆ν, and (B P , ν') the amplitude coefficient and the basic frequency of the imaging grating, respectively. After that, the second lens performs a second Fourier transformation between Fourier and output planes. Leaving aside constant factors, the final amplitude distribution provided by the imaging system at the system output plane is proportional to
where disk(∆ν r) is the point spread function (PSF) of the 4F processor, r is the polar coordinate that is defined as 
Between square brackets, we can see that the input plane amplitude distribution is replicated at the output plane according with the basic frequency of the imaging grating. Thus, by properly selecting the basic period of the imaging grating, it is possible to overlap at the output plane the imaging beam (incoming from the input sample) and the reference beam (incoming from the blank region or from a given diffraction order of the reference grating at the input plane). So, on-axis holographic recording will be produced.
In order to recover both amplitude and phase distributions of the transmitted frequency band-pass, a phase-shifting method is applied. Due to the CCD is placed at the position of the output plane where the input sample is directly imaged, the hologram is composed from the zero and -1 diffraction orders of the imaging grating that is responsible for the imaging and the reference beams, respectively. In that sense, the phase of the reference beam can be modulated in time by shifting the imaging grating, which means a phase modulation of the recorded hologram and allows phase-shifting strategy.
Conceptually, the CCD camera is limiting the field of view of the image because it selects only the field of view position where the sample image is formed. So, the intensity distribution recorded at the CCD at a given instant t and due to a generic point source originated at (x n , y m ) position comes from the addition of the imaging beam (sample bandpass image selected by such source convolved with the PSF of the imaging system) and an on-axis reference beam due to the imaging grating
with C a constant related to the real amplitude of the reference beam, φ S the initial phase difference between imaging and reference beams which is directly related with the transmitted phase distribution of the sample band-pass due to the source placed at x',y',t = t(-x',-y') exp j2π ν x'+ν y' disk ∆ν r +C +2CRe t(-x',-y') exp j2π ν x'+ν y' disk ∆ν r cos +m
Then, by using phase-shift algorithm and computing the different I m intensity distributions stored by the CCD, it is possible to recover each transmitted phase distribution φ S (x', y') of the input object due to each (x n , y m ) illumination source. In particular, we have applied a method (see Ref.
2) that takes into account p intensity images in one phase-shift period and permits the recovering of the initial phase distribution according to
This procedure allows us to recover the phase distribution, and therefore the object complex amplitude, of each one of the frequency bands transmitted through the system aperture when illumination incoming from the position (x n , y m ) in the source plane is considered. Notice that each source position (x n , y m ) selects a different spatial-frequency content of the sample spectrum by the linear phase factor that multiplies the sample amplitude distribution; see Eq. (6) . In that sense, by properly adjusting the off-axis positions (x n , y m ) of the point sources with the radius (∆ν) of the system aperture, a contiguous band-pass content of the sample spectrum will be diffracted on-axis and will be recovered by applying phase-shifting method.
For validating the proposed setup as a common-path phase-shifting microscopy configuration only on-axis illumination provided by the axial point source (x n , y m ) = (0,0) is considered. However, for the superresolution implementation, different off-axis source positions must be lighted on in sequential mode and every frequency band-pass is sequentially recovered. After that and by properly placing them on its original position, a wider spectral content of the object can be fully reconstructed in terms of synthetic aperture generation. Thus, provided that there will be a diffraction order in the reference grating for each off-axis source position, any synthetic aperture can be shaped.
Off-axis recording case.
Coming back to the amplitude distribution of the Fourier plane but without adding the imaging grating, we see that the second lens of the 4F optical processor performs another Fourier transformation and the following amplitude distribution is generated at the output plane
But now, the 1-D imaging grating is placed between the second lens L2 and the output plane (see Fig. 3 ) or between the Fourier plane of the microscope lens and the output plane (see Fig. 1 ). In any case, the imaging grating provides replicas of the output plane having a lateral shift that depends on the ν' (the basic frequency of the imaging grating) and the distance between the imaging grating and the output plane. As seen in Fig. 3 , three replicas incoming from the three diffraction orders of the grating are considered. Once again, the CCD is placed at the position where the direct sample image is formed. This fact is marked by an enhanced black rectangle at the output plane in Fig. 3 where we can see as an off-axis reference beam will also reach this position. So, the intensity recorded at the CCD becomes
Equation (9) results in 4 terms when square modulus is expanded. Once the intensity distribution is stored in the computer memory, we perform digitally an inverse Fourier transformation. Centered at the origin, we have the PSF of the imaging system coming from the tilted reference beam and the autocorrelation of the transmitted sample frequency band-pass due to the source position (x n , y m ) that has a total width of 4∆ν. And moved from the origin, we find the two diffraction holograms orders representative of the complex and conjugate amplitude distribution of the transmitted sample frequency bandpass.
If the basic period of the imaging grating is properly selected, that is, the imaging grating must have a basic frequency larger than half the size of the zero order term (2∆ν) plus half the size of the system frequency band pass (circular aperture with a width of ∆ν), then the diffraction orders will not overlap with the central term and the transmitted band can be recovered by filtering in the Fourier domain. To allow this windowed Fourier filtering process we need that ν' ≥ 3∆ν. Equation (10) 
Then, by sequential process in time, every frequency band pass transmitted through the circular aperture and due to each (x n , y m ) source it can be recovered and properly placed to its original position in the sample spectrum in such a way that a wider sample spectrum can be fully reconstructed in terms of the definition of a synthetic aperture.
As in the previous case, only the axial point source (x n , y m ) = (0,0) will be considered for validating the proposed setup as a common-path phase-shifting microscopy configuration but different off-axis source positions will be taken into account sequentially for superresolution purposes. 
EXPERIMENTAL RESULTS
In this section we present experimental results corresponding with quantitative phase imaging and superresolution validation for both previously studied configurations. Different experimental setups have been assembled at the laboratory considering different optical elements showing the easiness implementation and use of both proposed configurations.
On-axis recording case
First, we start with the case of on-axis recording and phase-shifting procedure. For this part, we have selected a 0.14NA Mitutoyo objective as imaging lens and a swine sperm bio-sample enclosed in a counting chamber as input object. The sperm cells have a head dimension of 6x9 µm corresponding with the height and width of the ellipsoidal shape of the head, a total length of 55 µm, and a tail width of 2 µm on the head side and below 1 µm on the end, approximately.
Light coming from a laser diode can (λ = 650 nm, 7 mW optical power) is used as point divergent illumination in the experimental setup. The diode module is placed onto a 2-D linear motion stage to allow tilted illumination over the input plane by shifting its position in sequential mode.
As it was previously stated, the input plane is composed by the swine sperm biosample and a 1-D Ronchi ruling grating with a basic period of 2.5 µm (400 lp/mm) playing the role of reference grating. This fact means that the reference grating diffracts the incoming beam at an angle of 15.1 degrees corresponding with its first diffraction order for the used illumination light. Or in other words, a reference beam will be diffracted on-axis by the action of the first grating order when a 15.1 degrees tilted beam impinges onto the reference grating.
But when a 15.1 degrees tilted beam illuminates the input sample, a quasi-contiguous frequency band is diffracted on-axis through the system aperture because the angle defined by the NA of the microscope lens is 8 degrees (that is, near the half angle of the off-axis illumination). Thus, it is possible to cover the full 2-D frequency space of the input plane by sequential exposures where the 2-D tilted illumination is properly matched with the diffraction orientation of the reference grating. To allow this, the reference grating is rotated according with the incidence direction of the off-axis illumination. So, a resolution gain factor close to 3 will be achieved in every frequency space direction.
A CCD camera (Kappa DC2, 12bits, 1352x1014 pixels with 6.7 µm pixel size) is used as imaging device while a 1-D Ronchi ruling grating (80 lp/mm) that is placed on a motorized linear translation stage is used as imaging grating. Then, a displacement on the grating of 12.5 µm implies a complete phase cycle in the recorded hologram.
The phase-shifting procedure is applied to each single source position in time sequence in such a way that the phase shift is produced by a linear shift of the imaging grating equal to 0.5 µm. As the period of the imaging grating is 12.5 µm, 25 consecutive images compose a whole phase cycle. As result, 8 off-axis frequency bands plus one addition on-axis band are recovered after apply phase-shifting procedure and are assembled into a single synthetic aperture by replacing the different off-axis frequency bands to its original position of the bio-sample spectrum. Figure 4 depicts the generated synthetic aperture composed by 9 elementary apertures in comparison with the conventional aperture. Finally, a high-quality superresolved image is obtained by Fourier transformation of the information contained in the generated synthetic aperture. Figure 5 shows the superresolved image obtained by using the proposed approach in comparison with the low-resolution one produced when only on-axis illumination is considered. Theoretically, the Rayleigh resolution limit of the 0.14NA lens is around 7 µm for the 650 nm wavelength of the illumination light. According with the size of the swine sperm cells, this value is in the limit of imaging the swine sperm head [ Fig. 5 (a) ]. When implementing the proposed approach, the value of the generated synthetic NA (SNA) can be numerically calculated as SNA = NA source +NA objective ≅ 0.4. This fact means that the theoretical resolution limit of the synthetic imaging system is 2 µm approximately according with the Rayleigh criterion. That is, it enables image formation of the heads of the cells while the tails become to be resolved in its wider side (head side) and non resolved in the thinner side (ending tail side) as we can see in Fig. 5(b) . 
Off-axis recording case
In this second experimental section, we show the case of off-axis recording and windowed Fourier filtering method. For the superresolution validation, we have selected a cross shape of 3x3 VCSEL sources of a 2-D array that are sequentially lighted on. Those VCSEL sources are monochromatic with λ = 850 nm and have a beam divergence of ±15 deg. As imaging system we propose a Nikon microscope objective with 0.1NA that is used to image a positive USAF resolution test target. The imaging grating has a period of 80 lp/mm and it is placed appropriately in front of the CCD to perform suitable holographic recording.
Attached to the object, we place a 2-D holographic grating with a period of 5 µm. Thus, when a 10 deg tilted collimated beam of 850 nm wavelength impinges on the input plane, the first diffraction order of the reference grating goes on axis. Once again, since this angle is near to be double of the one being defined by the NA of the microscope objectives, a resolution gain factor close to 3 will be achieved. In order to obtain a tilted collimated beam, the VCSEL array is placed in the object focal plane of a collimation lens (80 mm focal length). Thus, sequential activation of the VCSELs will provide the different tilts in the incoming illumination. Figure 7 depicts the recorded holograms for the case when three VCSEL sources in cross shape are considered and their respective Fourier transformations. Thus, cases (a)-(b), (c)-(d) , and (e)-(f) correspond with the onaxis, horizontal off-axis and vertical off-axis illumination sources respectively. We can see as the transmitted frequency band-passes are moved far away from the central term avoiding overlapping and can be recovered by filtering and centring process. Common-path interferometric microscopy in off-axis recording mode has also been applied to the case of the bio-sample described in the previous section. But now, we have tried to achieve a higher SNA value when perform the proposed approach. As illumination source we use a He-Ne laser (λ = 632.8 nm) and as imaging lens we use the 0.42NA Mitutoyo objective. Off-axis illumination is achieved by using a diffraction grating to illuminate the input plane. Since the illumination grating has a period of 0.83 µm, it diffracts the incoming beam at an angle of 49.7 degrees corresponding with its first diffraction order. Once again, as the tilted illumination angle is doubling the angle defined by the NA of the microscope lens (24.8 deg), the generated synthetic aperture presents a cutoff frequency 3 times higher than the conventional one.
According to the theoretical definition provided by the Rayleigh criterion, the microscope lens has a resolution spot size of 1.84 µm which is not enough to image the tail's narrower part of the sperm cells [ Fig. 9(a) ]. After applying the proposed approach, the resolution spot size is reduced until 0.64 µm (corresponding with the theoretically achieved SNA value) and the whole sperm cell is resolved [ Fig. 9(b) ]. This fact means a resolution gain factor close to 3. Figure 9 is representative of such improvement in resolution while Fig. 10 depicts the 3-D plot of the unwrapped phase distribution allowing quantitative superresolved phase imaging of the swine sperm cells. 
CONCLUSIONS
We have proposed two different experimental setups based on a common-path interferometric architecture that allow superresolved and quantitative phase imaging of 3-D samples in wide-field digital holographic microscopy. In the first one, on-axis holographic recording is achieved by placing the imaging grating near the Fourier plane of the imaging lens. Thus, phase-shifting procedure is needed to recover the complex amplitude distribution transmitted through the imaging lens. In the second one, off-axis holographic recording is produced by placing the imaging grating far from the Fourier plane. In this case, windowed Fourier filtering is applied to recover the transmitted complex amplitude distribution. Both configurations have been tested considering synthetic (USAF resolution test) and phase (bio-sample) objects.
As strong point, the proposed configurations have a minimum of optical elements in the experimental setup since both are based on a common-path interferometric architecture. Thus, the imaging and the reference beams follow nearly the same optical path providing to the experimental setup three main advantages. First, the instabilities of the system, due to mechanical or thermal changes on both optical paths, do not affect the obtained results. Second, low coherence length light sources are suitable to be used as illumination. Third, the experimental setup becomes easy-to-configure and it is useful for implementation in microscopes having low and medium NA lenses where only simple modifications are required.
Additionally, tilted illumination can be performed using a single VCSEL element which is moved to off-axis positions or a 2-D VCSEL array with fixed single sources. This VCSEL array allows recording of each frequency band-pass in a short time due to its high optical power per every emitter and allows the possibility to perform spatial filtering by simple modulating the relative intensity of the different VCSEL elements. This fact allows synthetic aperture shaping if also the reference grating is properly selected depending on the aimed aperture.
